In this paper, we consider the existence of a non-trivial solution for a class of fourth-order elastic beam equations involving Lipschitz non-linearity with Navier boundary value condition. The technical approach is essentially based on a critical point theorem. As an application, an example is presented.
Introduction
The aim of this paper is to study the existence of non-trivial solution for the following boundary value problem: In recent years, the fourth-order boundary value problems have been extensively considered by many authors, for instance, see Bai and Wang (2002) , Cabada, Cid, and Sanchez (2007) , Grossinho, Sanchez, and Tersian (2005) , Liu and Li (2007a) , Peletier, Troy, and Van der Vorst (1995) and references therein. These kind of problems arising in real-world phenomena play a fundamental role in different fields of research, such as mechanical engineering, control systems, economics, computer 
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In the paper, the author, using variational methods, established the existence of a non-trivial solution for a class of fourth-order elastic beam equations involving Lipschitz non-linearity with Navier boundary value condition. Using a critical points theorem, the author has ensured the exact collections of the parameters in which the problem possesses at least a non-trivial solution, and has presented two examples to illustrate the results.
science, physics, biology and many others. For example, fourth-order BVPs describe the deformations of an elastic beam in an equilibrium state whose both ends are simply supported. Also, a non-linear fourth-order equation describes traveling waves in suspension bridges. So, for this reason, there are wide papers about these problems which authors have investigated by different methods such as fixed point theorems (Liu & Li, 2007b) , lower and upper solutions method (Cabada et al., 2007) , critical point theory (Bonanno, 2012) , Morse theory (Han & Xu, 2007) and mountain-pass theorem (Gyulov & Morosanu, 2010) that for more references, we refer the reader to O'Regan (2011), Bai (2010) , Bonanno and Di Bella (2008) , Bonanno and Di Bell (2010) , O'Regan (2011), Chai (2007) , Li (2007) and references therein. In Khalkhali, Heidarkhani and Razani (2012) , (1.1) have studied the existence of infinitely many solutions. The authors in Heidarkhani, Ferrara, Salari and Caristi (2016) established the existence and multiplicity results by variational methods and critical point theory for the following fourth-order Navier boundary value problem in a non-empty bounded open set Ω ⊂ ℝ N (N > 1) with a sufficient smooth boundary Ω where,
There are so many equations in engineering, physics and mathematics that are studied through Navier boundary conditions. For the use of Navier boundary conditions in the mathematical literature, see Busuioc and Ratiu (2003) and the related references.
Very recently, some researchers have studied the existence and multiplicity of solutions for impulsive fourth-order elastic beam equation; we refer the reader to Heidarkhani, Afrouzi, Ferrara and Moradi (2016) , Heidarkhani, Ferrara and Khademloo (2016) and references therein.
In the present paper, based on a local minimum theorem (Theorem 2.1) due to Bonanno (2012) , we ensure an exact interval of parameters, in which the problem (1.1) admits at least a non-trivial solution. We also refer the interested reader to the papers (Bonanno, Di Bella, & O'Regan, 2011; Heidarkhani, 2012a Heidarkhani, , 2012b Heidarkhani, , 2014 Khaleghi Moghadam & Heidarkhani, 2014) in which Theorem 2.1 has been successfully employed to the existence of at least one nontrivial solution for some boundary value problems.
Our main result, Theorem 3.2, and its consequence, Theorem 3.3, ensure the existence of a nontrivial solution to problem (1.1). Moreover, when f has separable variables, Theorem 3.6 points out some relevant consequences of the main result.
As an example of our results, a special case of Theorem 3.2 is presented here (the proof of Theorem 1.1 comes in Remark 3.4). 
the problem has at least one non-trivial generalized solution u 0 such that 0 <
The rest of this paper is arranged as follows. In Section 2, we recall some basic definitions and the main tool (Theorem 2.1) and in Section 3, we provide our main result that contains several theorems and finally, we illustrate the results by giving several examples as applications of our results.
Preliminaries
First, we here recall for the reader's convenience (Bonanno, 2012, Theorem 5 .1) (see also Bonanno, 2012 , Proposition 2.1) which is our main tool. For a given non-empty set X, and two functionals Φ, Ψ: X → ℝ, we define the following functions for all r 1 , r 2 ∈ ℝ, with r 1 < r 2 . 
Let us introduce some notations that will be used later. Assume that A and B be two real constants such that (for instance, if A ≤ 0 and B ≥ 0, then (2.3) holds). Also, set and (1.4)
be the Sobolev space endowed with the usual norm.
It is well-known poincaré-type inequalities (see, for instance, Peletier et al. (1995, Lemma 2. 3)) and for all u ∈ X. By (2.3)-(2.6), one can show that the following norm is equivalent to the usual one and in particular one has (see, for instance Proposition 2.1 in Bonanno and Di Bella (2008)) and
By a weak solution of (1.1) we mean any u ∈ X such that for every v ∈ X. Moreover, a function u:[0, 1] → ℝ is said to be a generalized solution to problem Remark 2.2 If f (t, x)x < 0 and g(x)x > 0 for every t ∈ [0, 1] and x ≠ 0, then by (2.7) and (2.10), one can see that the problem (1.1) has only the trivial solution. 
then using Proposition 2.3 of Bonanno and Di Bella (2008) 
(2.10)
Main results
We firstly introduce the functionals Φ, Ψ: X → ℝ as follows and for each u ∈ X. We need the following lemma in the proof of our main results.
Lemma 3.1 The functional Φ: X → ℝ be a sequentially weakly lower continuous and coercive and continuously Gâteaux differentiable function on X with
The functional Ψ: X → ℝ be a continuously Gâteaux differentiable function on X with such that Φ � : X → X * admits a continuous inverse X * and Ψ � : X → X * is a compact operator.
G(u)dt for u ∈ X and let u n ⇀ u since J is sequentially weakly continuous functional on X and sequentially weakly semi-continuity of ‖ ⋅ ‖ X , one has hence, Φ is a sequentially weakly lower continuous. To prove coercivity of Φ, one has Indeed, by Lipschitz continuity g, with the Lipschitsian constant L < 2 4
, (2.6) and (2.8), one can conclude that
We let u, v ∈ X and s ≠ 0; then, by the Mean Value Theorem for integrals in which 0 < < 1. Hence, J � (u)(v) = ∫ 1 0 g(u)vdt for every v ∈ X. Also, by a routine argument on the first term of Φ(u), and similar argument on the Ψ(u) and using Lebesgue Convergent Theorem, one can follow (3.3) and (3.4). 
). It is clear that Ψ � is a compact operator. ✷ Fourth-order differential equations such as (1.1) arise in the study of deflections of elastic beams on non-linear elastic foundations in engineering and physical sciences. Therefore, for its importance and contribution to its area, we consider the following theorem as a main result of this paper.
Theorem 3.2 Let k, and L be the real constants as defined above. Assume that there exist three non-negative constants c 1 , c 2 and d such that c
Then, for any the problem (1.1) has at one least non-trivial generalized solution u 0 ∈ X such that Proof Our goal is to use Theorem 2.1 to our problem. To this end, take Φ and Ψ as given in (3.1) and (3.2), respectively. From Lemma 3.1, we observe that the regularity assumptions on Φ and Ψ are verified. Put
Clearly, v ∈ X; moreover, it is easy to verify that Also by similar argument, one has
; thus, Taking (2.9) and (3.5) into account, when Φ(u) < r i , i = 1, 2, one has max t∈ [0, 1] 
, 1].
On the other hand, from (i), one has Thus, Also by arguing before, one has Taking (ii) into account, we get (r 1 , r 2 ) < (r 1 , r 2 ).
Hence, Theorem 2.1 follows that for each the problem (1.1) has at least one non-trivial generalized solution u 0 ∈ X such that
As a simple consequence of Theorem 2.1, we point out the following corollary.
Corollary 3.3 Let k, and L be real constants as defined above. Assume that there exist two nonnegative constants d and c with c
F(t, d)dt
Then, for every the problem (1.1) has at least one non-trivial generalized solution u 0 such that
In Corollary 3.3, taking Theorem 3.2 into account, it is enough to take c 1 = 0 and c 2 = c. has at least one non-trivial generalized solution u 0 that 0
We now point out a consequence of Corollary 3.3, in which the function f(t, u) has separable variables. 
Finally, we present an example to illustrate the results of Theorem 3.6. 
Conclusion
In the paper, the author has established the existence of a non-trivial solution for a class of fourthorder elastic beam equations involving Lipschitz non-linearity with Navier boundary value condition. Using a critical points theorem, the author has ensured the exact collections of the parameters in which the problem possesses at least a non-trivial solution on one-dimensional space. On Ndimensional spaces N > 1, the same discussions can be used for future ideas based on the results of this paper. Also the existence of three solutions or infinitely many solutions can be used for future ideas based on the other tool theorems. 
